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Abstract

In this paper we construct a structure R that is a “finite version” of the semi-lattice of Turing
degrees. Its elements are strings (technically, sequences of strings) and x < y means that K(x|y)=
(conditional Kolmogorov complexity of x relative to y) is small. We construct two elements
in R that do not have greatest lower bound. We give a series of examples that show how
natural algebraic constructions give two elements that have lower bound 0 (minimal element)
but significant mutual information. (A first example of that kind was constructed by Gacs—Korner
(Problems Control Inform. Theory 2 (1973) 149) using a completely different technique.) We
define a notion of “complexity profile” of the pair of elements of R and give (exact) upper and
lower bounds for it in a particular case. (©) 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Let o and f be two infinite binary sequences. We say that a is Turing reducible
to f if there exists a Turing machine M that produces o on its output tape when
p is provided on input tape. Turing reducibility is reflexive and transitive, so we
get a pre-order on the set of all infinite binary sequences (this pre-order is usually
denoted by < 7). The equivalence classes ((x ~ )< (x<ry)A(y<rx)) form an upper
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semi-lattice whose elements are called Turing degrees. This semi-lattice is well studied
in recursion theory (see, e.g., [7])

Now let us replace infinite sequences o and f by finite binary strings x and y. Of
course, for any x and y there exists a Turing machine M that produces x from y. So
to get a non-trivial relation we have to put some restrictions on M. It is natural to
require that M is simple (its program is short compared to x and y). Here the notion
of Kolmogorov complexity comes into play. By definition, the conditional Kolmogorov
complexity K(x|y) is the length of the shortest program that produces x having y as
an input. Now we can define the relation x <.y as K(x|y)<c (here x and y are binary
strings, ¢ is a number).

If ¢ is a constant, this relation does not have good properties (for example, it is
not transitive). This relation also depends on a specific programming language used in
the definition of Kolmogorov complexity. To overcome these difficulties, we use the
standard trick and consider the asymptotic behavior of the complexity for sequences
of strings.

Let x =x,x;,... be a sequence of binary strings. We call it regular if length of x;
is polynomially bounded, i.e., if |x;| <ci* for some c,k and for all i. Let R denote the
set of all regular sequences. We say that regular sequence x is simple conditional to a
regular sequence y if

K(x;|y:) = O(log )

and write x<y. The <-relation is a pre-order defined on R. The relation (x<y) A
(y<x) is an equivalence relation. Equivalence classes form a partially ordered set
which (for the same reasons as in the case of Turing degrees) is an upper semi-lattice
(any two elements have a least upper bound).

We prove (Section 2) that this set is not a lower semi-lattice: there are two elements
that do not have greatest lower bound. Note that the set of Turing degrees is not a
lower semi-lattice either (see, e.g., [7]), but our proof goes in a completely different
way.

The semi-lattice R is useful for analyzing the notion of common information. This
notion was introduced by Gacs and Korner [1] in the context of Shannon information
theory. They also described a similar notion in the algorithmic theory but do not
give a precise definition. We give such a definition in terms of the semi-lattice R
(Section 3).

The main result of [1] is an example of two objects whose “common information”
is far less than their “mutual information”; Gacs and Koérner provide such an example
in context of Shannon information theory and mention that it could be reformulated for
algorithmic information theory. This example was analyzed in [2] where an alternative
proof for a special case of Gacs—Korner example was provided.

A completely different example of two strings whose common information is much
less than their mutual information was given in [4]; for details see [5].

In this paper we develop a third approach to construct such pairs of strings. It is
based on the geometry of finite fields. Several examples of this type are given in
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Section 4. Our examples (as well as Gacs—Korner’s) are constructive in the following
sense. In the recursion theory, we call a proof of a theorem of the form Vr3a P(n,a)
constructive if there exists an algorithm that given n computes an object a, such that
P(n,ay,). In our context this makes no sense, as in this case the complexity of a, is
bounded by logn and we are interested in properties P(n,a) implying that complexity
of a is linear in n. We find reasonable the following meaning of constructivity here:
there is a probabilistic algorithm that given n with high probability outputs such an
object a that P(n,a). More specifically, the probability should tend to 1 as n tends to
infinity. All our examples except one from Theorem 7(c) are constructive in this sense.

The amount of common information does not determine completely how much the
strings x and y have in common. What reflects this better is the “complexity profile
of x and »”, defined as the set of triples (u,v,w) such that K(z)<u, K(x|z)<v, and
K(ylz)<w for some string z. We use the method of [5] to find exact upper and
lower bounds for complexity profile (Section 6). (Technically we have to speak not
about strings x and y but about sequences of strings xg,x1,... and yo, y1,... such that
complexity of x; and y; is proportional to i; see Section 6 for details.)

2. The upper semi-lattice R

Let us recall the definition of conditional Kolmogorov complexity. Let U be a com-
putable (partial) function of two arguments; arguments and values are binary strings.
(Informally, U is an interpreter of some programming language, the first argument
is a program and the second one is program’s input.) Let us define Ky(x|y) as
min{|p|: U(p, y) =x}; here |p| stands for the length of p. There exists an optimal U,
that is, a U such that Ky <Ky + O(1) for any other computable function V. We fix
some optimal U and call Ky (x|y) the conditional complexity of x when y is known.

The unconditional Kolmogorov complexity can be defined as K(x|A) where A is the
empty string. It turns out (see, e.g., [3]) that conditional complexity can be expressed
in terms of unconditional complexity. Indeed, let us fix some computable bijection
p-q— (p,q) between pairs of strings and strings. Then

K((p,q)) = K(p) + K(q| p) + O(log(| p| + |g])).

A sequence x =Xx1,Xp,... of binary strings is called regular if there exist constants
c and k such that |x;| <ci® for all i. The set of all regular sequences is denoted by R.
We define a pre-order on R saying that x =xj,x,,... precedes y = yi, yy,... if there
exists a constant ¢ such that K(x;|y;)<clogi for all i. (Let us agree that logx means
log,(x +2) so log x is positive for all x>0 and we do not need to consider the case
i=1 separately.)

The O-term guarantees that the definition does not change if we replace the optimal
function U used in the definition of Kolmogorov complexity by another optimal
function. Moreover, since we use O(logi) (and not O(1)), the definition remains the
same if we replace conditional Kolmogorov complexity defined as above by prefix
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complexity (see [3] for the definition). Indeed, these complexities differ only by O(log n)
for strings of length n. Since elements of R are regular, this difference is absorbed by
O(log i)-term.

Two elements x and y are equivalent if x<y and y<x. The equivalence classes
form a partially ordered set. We denote this set by R.

Proposition 1. The set R is an upper semi-lattice: any two elements have a least
upper bound.

Proof. By definition, z € R is a least upper bound of x,y € R if
e 7 is an upper bound for x and y, i.e., x<z and y<z;
e z<u for any other upper bound # of x and y.

Let x =x1,x2,... and y =y, y,... be any two elements of R. Consider the sequence
2=121,22,... where z; = (x;, ;). (Recall that p,q— (p,q) denotes a computable bijec-
tion between pairs of strings and strings.) It is easy to see that z is regular and is the
least upper bound for x and y. [J

Theorem 2. The ordered set R is not a lower semi-lattice: there exist two elements
x and y that do not have a greatest lower bound.

Proof. To prove the theorem we have to construct two sequences x and y that have
no greatest lower bound. Assume some n is fixed; let us explain how nth terms of x
and y are constructed. Consider 2z binary strings of length n denoted by

B,b3,..., b0 b1, bl ... b

s Ups

and one more string of length n denoted by
E=28...8

(& are individual bits). We want all these strings to be random and independent in the
following sense: its concatenation is a string of length 21 4 n which is incompressible
(its Kolmogorov complexity is equal to its length up to O(1) additive term). Such
strings do exist, see [3]. Now consider two strings

x=bb)...b0bIb) ... b}
and
y=bb7 . b

Strings x and y are nth terms of the sequences x and y.

Let us mention that the pair (x, y) contains the same information as the concatenation
string of length 2n> + n mentioned above, so the complexity of the pair (x,y) is
2n2 +n+ O(1). (As x is random, bY # b! for all i.)

In the sequel we use the following terminology. Strings b¢ (for e=0,1 and i=
1,...,n) are called blocks. We have 2n blocks; each block has length n. All the blocks
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b that are included in y are called selected blocks; all other blocks b are called
omitted blocks. Our construction starts with n pairs of blocks and a string ¢ that says
which block is selected in each pair. The string x is a concatenation of all 2n blocks;
the string y is a concatenation of n selected blocks.

Now the proof goes as follows. Each selected block is simple relative to both x and
y since it is a substring of both x and y and position information could be encoded by
O(logn) bits. (When we say that a string u is simple relative to a string v we mean
that K(u|v) =0(logn).)

Suppose that the greatest lower bound of x and y exists. Let us denote it by z. Then
any selected block is simple relative to z. On the other hand, any omitted block could
not be simple relative to z. Indeed, assume that some omitted block b is simple relative
to z. Then b is simple relative to y since z is simple relative to y by assumption. Then
to restore x from y it is enough to specify the string ¢ and n—1 omitted blocks different
from b, i.e., n* bits, and the complexity of pair {x,y) is at most 2n* + O(logn) (n?
bits in y and »? bits to specify x when y in known). This contradiction shows that no
omitted block is simple relative to z.

Now let us show that y is simple relative to x. Indeed, to find y when x is known we
need only to distinguish between omitted and selected blocks in each pair of blocks. We
may assume that z is known since it is simple relative to x. Then we may enumerate
all the objects that have small complexity relative to z until we find n blocks (we
have the list of all blocks since we know x). These n blocks will be (as shown
above) exactly the selected blocks, and we are done. So y is simple relative to x. But
this is impossible, because in this case the pair (x,y) will have complexity at most
21 + O(logn) (instead of 2n* + n).

In the argument above we were quite vague about O-notation, so let us repeat the
same argument more formally. The construction described above is performed for each
n; to indicate the dependence on 7 let us write x(n) instead of x, b%(n) instead of 4?,
etc. Assume that z=2z(0),z(1),... is a greatest lower bound of x and y. The first step
in the proof is the following lemma.

Lemma 1. There exists some constant ¢ such that
K(b|z(n))<c logn

for any n and for any block b that was selected at nth step of the construction.
(There were n selected blocks at nth step; each of them has length n.)

Indeed, consider all the blocks b that were selected at nth step; let b(n) be one of
them for which the complexity K(b|z(n)) is maximal. The sequence b="5(1),5(2),...
belongs to R. It is easy to see that b<<x and that h<y, because b(n) is a substring of
both x(n) and y(n). Therefore, h<z, since z is the greatest lower bound of x and y.
By definition,

K(b(n)|z(n))<c logn
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for some constant c; the same inequality is valid for all other selected blocks & since
b(n) has maximal complexity (relative to z(n)) among them. Lemma 1 is proved.

Lemma 2. There exists some constant ¢ such that
K(b|y(n))=n—clogn
for any n and for any block b that was omitted at nth step of the construction.

Proof. As we have said, the string x(n) can be reconstructed from the string y(n), the
string &(n), some omitted block b, its number and the concatenation of all other omitted
blocks. Here all the information except b has bit size n>+n+(n*—n) + O(log n) = 2n>
+0O(logn), and this information includes y(n). Therefore, the complexity of (x(n),
y(n)) does not exceed K(b|y(n))+ 2n* 4+ O(logn). On the other hand, the complex-
ity of (x(n), y(n)) is 2n*> + n + O(1). Comparing the two inequalities, we see that
K(b|y(n))=n — O(logn). Lemma 2 is proved. [J

Lemma 3. There exists some constant ¢ such that
K(b|z(n))=n —c logn
for any n and for any block b that was omitted at nth step of the construction.

Indeed, recall that K(z(n)|y(n))=0(logn) by our assumption; note also that K(b|
¥(n))<K(b|z(n)) + K(z(n)| y(n)) + O(log n). Hence, n — O(logn) <K (b|y(n))<K(b|
z(n)) + K(z(n)|y(n)) + O(log n) = K(b|z(n)) + O(log n). Lemma 3 is proved.

Lemma 4. K(&(n)|x(n)) = O(log n).

Proof. Lemma 1 implies that for big n the value K(b|z(n)) is less than n/2 for any
selected block b; Lemma 3 implies that for big »n the value K(b|z(n)) is bigger than
n/2 for any omitted block b. Therefore, knowing x(n) and z(n) we can reconstruct the
list of selected blocks just enumerating the strings s such that K(s|z(n))<n/2 until n
blocks from x(n) appear. Since K(z(n)|x(n))=O(logn) by assumption, we need only
O(logn) additional bits to reconstruct &(n) from x(n). Lemma 4 is proved. L[]

We conclude that K((x(n),&(n))) is 2n> + O(logn) but it should be 2n* +n+ O(1).
The contradiction shows that x and y do not have the greatest lower bound. [

Let us mention some other properties of the semi-lattice R.

1. The operations “infimum” and “supremum” do not satisfy the distributive law
even when they are defined. Indeed, consider sequences x and y where x, and y, are
random independent strings of length n. Let z, =x, & y, (bitwise addition modulo 2).
Then

sup(inf(x,y),z) # inf(sup(x, z), sup(y,z)),



A. Chernov et al. | Theoretical Computer Science 271 (2002) 69-95 75

since inf(x,y)=A (where A is the least element of the semi-lattice), so the left-hand
side is equal to z while the right-hand side is equal to sup(x,y).
Moreover,

inf(sup(x,y),z) # sup(inf(x, z),inf(y, 7)),

since left-hand side is equal to z and right-hand side is equal to A.

2. For any two elements x and y in R there exists a sequence z such that sup(y,z) =
sup(y,x) and inf(y,z)=A. Indeed, given x,y and K(x|y) we can enumerate the set
of all programs p such that p(y)=x and length of p is equal to K(x|y). Let z be the
first program in this enumeration.

This z could be considered as a “difference” between x and y. Difference is not
defined uniquely; for instance, if x, and y, are random independent strings of length
n, both x, and x, @ y, are differences of x, and y,.

The semi-lattice R is only one of the possible refinements of the intuitive no-
tion “x is simple relative to y”. Here is another possibility. Let us fix a function
logn< f(n)=o0(n); assume that x and y are sequences of strings such that |x,| = O(n),
|¥a| =0(n). Define x< ry as K(x,|y,)=0(f(n)). One can show that this definition
gives a semi-lattice with similar properties (no greatest lower bound; however, the
proof is more difficult and is omitted).

3. Common and mutual information

The semi-lattice R is a useful tool to analyze the amount of common information
shared by two strings.

Let x and y be two strings. By mutual information in x and y we mean the value
I(x: y)=K(x)+K(y) — K({x, y)). (Sometimes I(x : y) is defined as K(y) — K(y|x),
but these quantities differ only by O(logn) for strings of length at most n, see [3].)

Theorem 3. Let x =x1,x;,... and y = yy, ya,... be elements of R.
(@) If z=2z1,22,... is a lower bound of x and y then

K(zy)<I(xy @ yn) + O(logn). (1)
(b) If z=2z1,23,... is a lower bound of x and y and
K(z,) =1(x, : y»)+ O(logn) 2)

then z is the greatest lower bound of x and y in R.

Proof. (a) Since z<x,
K((xn,zn)) = K(xn) + K(zy|xn) + O(logn) = K(x,,) + O(log n).

So
K(xy) = K((xn,21)) + O(logn) = K(z,) + K(xn|z,) + O(logn). (3)
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Similarly
K(yn) = K((ynza)) + O(logn) = K(z,) + K(yulzs) + O(logn). 4)
On the other hand,
K((xns yu)) <K (zn) + K(xulzn) + K(yulza) + O(log n). (5)

since we can reconstruct the pair (x,,y,) from z, and programs that transform z, into
x, and y,. Combining the last three inequalities [(3)+ (4)—(5)], we get the statement
(a).

Let us prove the part (b) now. Assume that z is a lower bound for x and y and
inequality (1) turns into equality (2). Let 7’ be any other lower bound for x and y.
Consider the sequence z” defined as z// = (z,,z.,). It is the least upper bound of z and
7' (Proposition 1). Therefore z”/ <x and z” <y. Applying (a) to z” we see that

Kz = K((z4,20))<I(x, : yn) + O(logn)

By assumption, I(x,: y,)=K(z,) + O(logn), so K({z,,z,))<K(z,)+ O(logn). On the
other hand, K({z,,z}))=K(z,) + K(z}|z,) + O(log n), therefore K(z,|z,)<O(logn) and
Z<zinR 0O

Remark. If two sequences x =xi,x,,... and y=yy, ys,... have the greatest lower
bound z=zy,z,..., one may call K(z,) “the amount of common information in strings
x, and y,”.

4. Examples where common information is less than mutual information

Informally speaking, strings x and y have u-bit common information z if K(z)=u,
K(z|x)~0, and K(z|y)~0. We know (Theorem 3(a)) that the amount of common
information in two strings is not larger than the mutual information of these strings.
A natural related question is the following one: can common information be far less
than mutual information?

This question was positively answered by Gacs and Korner [1]. They found out that
there are pairs of strings x and y such that /(x: y) is big but nevertheless any string
z that is simple relative to both x and y (both K(z|x) and K(z|y) are small) is simple
(has small K(z)).

Their construction uses ideas from Shannon information theory. Another construction
was suggested in [4] (see [5] for details). Here we present a third way to construct
examples of that kind.

Consider a finite field F, of cardinality g =g, close to 2". (Any field of size 2"+
will work, so we may use the field of cardinality 2" or the field Z/qZ where ¢ is
a prime number between 2" and 2"*!.) Consider three-dimensional vector space over
F,. Any non-zero vector (f1, f2, f3) generates a line (by “line” we mean a line going
through 0, i.e., one-dimensional subspace). Two lines generated by (fi, f2, f3) and
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(91,92,93) are called orthogonal if fi1g; + f29> + f393 =0. Now consider two random
orthogonal lines x and y (i.e. pair of two orthogonal lines (x, y) which has the greatest
possible complexity). We claim that /(x: y) is significant but there is no string z which
is simple relative to both x and y unless z is simple.

More precisely, consider the set

O ={(x,y): x and y are orthogonal lines}.

This set contains ¢*> +0(q>) elements (there are ¢>-+¢+1 lines and each line is orthog-
onal to ¢+ 1 lines). Therefore, O contains a pair (x, y) whose complexity is log(g>(1+
o(1)))=3n+ O(1). (We assume that elements of F, are encoded by binary strings of
length n 4 O(1), so we can speak about complexities.) Note that K(x)<2n+ O(logn)
since there are about 2%" lines; moreover, K(y|x)<n+O(logn) since y is one of 2"+O(1)
lines orthogonal to A. Recalling the inequality K({x, y))<K(x)+ K(y|x) + O(logn),
we conclude that K(x)=2n+ O(logn) and K(y|x)=n+ O(logn). For similar reasons
K(y)=2n+ O(logn) and K(x|y)=n+ O(logn). Therefore, I(x: y)=n + O(logn).

Remark. We would like to caution against free usage of geometrical intuition in our
context. For instance, though we use the term “orthogonal”, we have no scalar product
in linear spaces over finite fields and a nonzero vector may be orthogonal to itself.

Theorem 4. Let (x,, y,) be a random pair of orthogonal lines in the three-dimensional
space over F,. For any sequence of strings z,

K(z,) <2K(z4|x1) + 2K (24| yn) + O(log n)

assuming that z, has polynomial (in n) length. [The constant in O(logn)-notation
does not depend on n.

This theorem implies that sequences x =xy,x;,... and y =y, y»,... have A=A, 4, ...
as their greatest lower bound. (Here A denotes the empty string.) Indeed, if K(z,|x,)
=0(logn) and K(z,|y,)=0(logn) for some sequence z=zi,z,..., then K(z,)=
O(logn) according to Theorem 4.

Proof. Proof of Theorem 4 is based on a simple combinatorial observation.

Lemma 5. Consider a bipartite graph with k vertices 1,...,k on the left and | vertices
1,...,1 on the right. Assume that for any two different nodes u,v on the left there
are at most r nodes on the right connected with both u,v. Then the following bound
for the number of edges |E| is valid:

o k<.\/l/r=|E|<2I;

o k=\/l/r=|E|<2kVIr.

Indeed, for each element v on the left consider the set N, of its neighbors on the
right; let n, be the cardinality of N,. The intersection N, NN, (for v+ w) contains at



78 A. Chernov et al. | Theoretical Computer Science 271 (2002) 69-95

most » element. Assume that £ <+///r. Consider the union of all &V,; it has at least
ni+ny+---+ne— Y [N;NON|
i<j
elements. On the other hand, it has at most / elements. The number of pairs (i, ;) is
less than k% <I/r. Therefore

n4nm+- 4 —Urr<l=|El=n+n+ - +n<2L

The first statement is proved. It implies that for £ = \/1/7 (we assume here that the
number \/1/7 is integer; the proof can be easily modified to handle the general case)
the average number of neighbors for vertices on the left is at most 2+/7r. We use this
observation to prove the second part of the lemma.

Let k> \/1/7 Consider \/1/7 vertices on the left having maximum neighborhoods
and delete all other vertices on the left; this makes the average number of neighbors
bigger. But we know that it does not exceed 2v/Ir. The same is true for the initial
graph. Therefore |E|<k-2+/Ir. Lemma 5 is proved.

This lemma will be applied to a bipartite graph whose vertices (both on the left and
on the right) are lines; edges connect pairs of orthogonal lines. It is easy to see that
we can let » =1 (if both x, y are orthogonal to both z,u and x # y then z=u).

Now we are ready to prove Theorem 4. As we know, K(x) =K (y)=2n and K({x, y))
=3n (from now on we omit O(log n)-terms for brevity). Let K(z|x) = p; and K(z]y) =
p2- We want to get an upper bound for m = K(z). First, let us compute K(x|z) and

K(ylz):
K(x|z) = K({x,z)) — K(z) = K(x) + K(z|x) — K(z) =2n+ p; — m.

Similarly, K(y|z)=2n-+ p, —m. Consider the set P of all lines whose complexity rel-
ative to z does not exceed K(x|z); this set contains line x and has cardinality 22”71 ="
(up to a polynomial in n factor). Similarly we get a set O that contains lines whose
complexity relative to z does not exceed K(y|z); this set has cardinality 22"Fr2—m,
Consider a bipartite graph whose edges connect orthogonal lines from P and Q. This
graph satisfies the lemma for =1, so the number of edges |E| does not exceed

22mEp=mif Qn 4 pr —m)<Q2n+ py —m)/2;

2P\ i (20 4 py — m)=(2n + py — m)/2.

On the other hand, the pair (x, y) represents one of the edges of that graph. If z is
known, we can enumerate P, Q and E, so the pair (x, y) may be described by its
number in E. Hence 3n=K({x, y))<K(z)+log|E|. Therefore, the two bounds for |E|

imply
In<m+QCn+ pr—m)=n<p;

(the first one) and

3n<m+(2n+ pr—m)+ 32n+ py —m) = m<2pi + p
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(the second one). We have to prove that m <2 p, + 2 p, (recall that logarithmic terms
are omitted). In the second case it is evident; in the first case one should note that
K(2)<K(R) + K@) < pi+20< p1+2p2<2p1 +2ps. [

Remark. The same example may be reformulated in several ways. Replacing line y
by the orthogonal plane y*, we may say that (x,y) is a random pair (line x, plane
y going through x). We may then switch from projective plane to affine plane and say
that (x, y) is a random pair (point x on the affine plane, line y that goes through x).
Indeed, fix any affine plane P not going through zero. Then x may be identified with
the common point of P and x and plane y with the common line of y and P. (We
lose lines that are parallel to P, but those lines are not random.) The third way (used
in [5]) to reformulate the example is to say that x=(a,b) and y=(c,ac + b) where
(a,b,c) is a random triple of elements of F'. Indeed, x = (a,b) identifies the affine line
{(u,v) | v=au + b} (again we lose affine lines that are parallel to the line u=0, but
all those lines are not random) and y =(c,ac + b) is a point on that line.

Using Lemma 5 we can prove that several other examples of pairs have no common
information. Here are two of them:

Theorem 5. (a) Let (x,, y,) be a random pair of orthogonal lines in four-dimensional
space over F,. For any sequence of strings z,

K(Zn)<2K(Zn‘xn) + 2K(Zn|yn) + O(logn)

assuming that z, has polynomial (in n) length.
(b) The same is true if {x,, y,) is a random pair of intersecting affine lines (one-
dimensional affine subspaces) in three-dimensional affine space over F;,.

Proof. (a) The proof goes along the same lines as the proof of the previous theorem,

so we just outline the main points.

e K(x)=K(y)=3n and K({x,y))=5n (we omit O(logn)-terms). Thus, in this case
Kx|z)=K(x)+ K(z|x) —K(z)=3n+ p—m and K(yz)=3n+q — m.

e We consider the same bipartite graph (but now a line means a line in a four-
dimensional space). This time the conditions of Lemma 5 are fulfilled for »=2",
because the number of lines in four-dimensional space orthogonal to two different
given lines is 2".

e Thus the number of edges |E| does not exceed

2T E (Bn+ p— m)<(2n + q — m)/2;
PP i (B4 p— m)>(2n+q — m)/2.

e On the other hand, 5n=K((x,y))<K(z)+log|E|. Therefore, the two bounds for |E]
imply

Sn<m+ @Bn+q—m)=2n<qg
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(the first one) and
Sn<m+@Bn+ p—m)+ %(4n+qu) =>m<2p+gq

(the second one).

e In the first case one should note that K(z) <K(z|x)+K(x)< p+3n< p+39<2p+2q.
(b) This time we connect by edges affine lines that have a common point, thus the

conditions of the lemma are true for » = 2" (there are this many affine lines intersecting

two given different affine lines). The rest is as follows:

e K(x)=K(y)=4n and K({x,y))="Tn (omitting O(log n)-terms),

o K(x|z)=4n+ p—m, K(y|z)=4n+q —m,

e the number of edges |E| does not exceed 29~ if (4dn+ p — m)<(2n +q — m)/2
and 2¥+P=m . \/26ntq=m if (4n + p —m)=12n + q — m)/2,

e hence Tn<m+ (4n+q —m)=3n<gq in the first case and 7n<m+ “4n+ p—m) +
%(6n +qg—m)=m<2p+ ¢ in the second case. In the first case one should note
that K(z) <K(z|x) + K(x)<p+4n<p+ 3q<2p+2q. O

Let us note that in these examples some z, still have more information about x, and
vy, than one could expect. For example, if in (b) we consider the intersection point
pn of x, and y,, then K(p,)=3n, K(x,| p,) =2n, K(y,|p,)=2n (omitting O(log n)-
terms). There are some x/, and y/, with the same complexities (K (x/,) =4n, K(y,)=4n,
K({x}, y/))="Tn) for which there is no p, with similar properties. (Remark: Instead
of intersection point we could consider two-dimensional affine subspace that contains
both lines.)

For (a) one also can find p, that contain more information about x, and y, than
one could expect. The way to construct such p, was pointed by Finkelberg and
Bezrukawnikov. Let W be the two-dimensional subspace (a plane) containing the vec-
tors (1,0,0,0) and (0,1,0,0) (the choice of W is not important: any plane W with
K(W)=0(ogn) would work). Let w be any line in W orthogonal to y (obviously it
exists). Take as P the plane having the lines x and w (as x is random, x & IW'). Let
us note that P has 1-dimensional intersection with # and the number of planes with
this property is about 2%, therefore K(P)<3n+ O(logn). The number of lines in P is
about 2", thus K(x|P)<n + O(logn). The line y is orthogonal to both x,w, therefore
this line is orthogonal to P. The number of lines orthogonal to P is about 2", therefore
K(y|P)<n+ O(logn).

This effect (some p contains more information about x and y than one could expect)
is analyzed in Section 6.

5. More examples: a new method

The examples of Theorems 4 and 5(a) are specific cases of the following example.
Let m,k be integer constants and let x, and y, be random orthogonal k-dimensional
subspaces of an m-dimensional linear space over F,. (Recall that F, denotes a field
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having about 2" elements.) If m <2k then there are no orthogonal k-dimensional sub-
spaces. If m =2k then x, determines y, uniquely. Hence their greatest lower bound is
equal to x,. So we will assume that m>2k. It was proven in [6] that for any such
m, k the greatest lower bound of x,y is the sequence A = A, A,... . Note that the most
interesting case is when m is close to 2k because then the mutual information of x,, y,
is close to complexities of both x,, v,. Indeed, it is easy to verify that

K(x,) = (mk — k*)n + O(log n),
K(y,) = (mk — k*)n + O(logn),

I(xy : yu) = k*n + O(log n).

So, the fraction /(x, : y,)/K(x,) is close to 1 as k/m is close to 1/2 (recall that k,m are
fixed thus the constants in O-notation may depend on k,m). In this section, we give a
new proof of the result of [6] using clearer combinatorial arguments.

Theorem 6 (Romashchenko [6]). Let 2k<m and x, and y, be random orthogonal
k-dimensional subspaces of an m-dimensional linear space over F, (where F, is a
field having about 2" elements). Then there are positive cy,c, such that the following
holds. For any sequence of strings z, such that K(z,|x,), K(z,|y.)<cin, we have
K(z,) <c2(K(zn|xn) + K(zn| 1)) + O(logn). (The constant in O-notation may depend
on m but not on n.)

Proof. Recall the proof of Theorem 4. Using a combinatorial property of the graph
whose nodes are 1-dimensional subspaces of the 3-dimensional space over F; and
edges connect orthogonal subspaces, we proved that any its subgraph has few edges.
(A subgraph of a graph (V,E) is a graph of the form (U, EN(U x U)) where U CV.)
That property stated that any two nodes have at most one common neighbor. Now this
property does not hold and we shall define another one. Graphs satisfying that property
will be called ¢, e-oblivious. (Now we shall consider ordinary undirected graphs, not
bipartite ones.) Then we will prove an appropriate analog of Lemma 5 for ¢, e-oblivious
graphs.

Assume that starting from a node v € V' we make ¢ moves of a random walk in the
finite graph (7, E); on every step we move to a random neighbor of the current node.
Let v(z) stand for the end node of the walk. The graph is called ¢,e¢-oblivious if for
any v€V and for any U CV,

U
Prob[uv(¢) € U] <u + &

V1

Lemma 6. Let (V,E) be the graph whose nodes are k-dimensional subspaces of the
m-dimensional space over F, and edges connect orthogonal subspaces. Then (V,E)
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is t,e-oblivious, where t =2[k/(m — 2k)|, and ¢=C2~" (where C is a positive real
depending on m but not on n).

Proof. Let a,b be two subspaces of the m-dimensional space over F,,. It is well known
that

dima + dim b = dim (¢ U b) + dim (a N b).

Here aUb stands for linear sum of a and b. Hence dim(aNb)>=dima + dimbd —
m. Assume that a is fixed, dima=k, and b is a random /-dimensional subspace.
With overwhelming probability the dimension of aNb is as low as possible (that is,
max{0; k + [ — m}). More precisely, the following claim is true.

Claim 1. The probability of the event
dim(a Nb) = max{0;k + [ — m}
is at least (1 — C2") for some positive C depending only on m.

(We postpone the proof of the claim to the end of the proof of the theorem.)
Let a and b be k-dimensional subspaces such that

dim(anat) = ry,
dim(a Nbd) =ry,
dim(at Nb) =1y,
dim(aNat Nb)=r;,
dim((aUat)Nb) =ry,

where a* stands for orthogonal complement to a. (Note that intersection of a and a*
may be nontrivial.) Let ¢ be a random k-dimensional subspace from the orthogonal
complement to b.

Claim 2. For some positive C depending only on m with probability greater than
(1 —C27™) it holds

dim(a N ¢) = max{0;r, — (m — 2k)},
dim(al‘ Nc)=ri,
dim(a Na® Nc) = max{0;r4 — (m — k —ry)},

dim((aUat)Ne)=r+k —r.
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Proof. Find first the dimension of intersection of a with the orthogonal complement
to b. As dimat =m — dima=m — k, we have

dim(a N bt) = dim(at U b)Yt = m — dim(a™ U b)
= m — (dima* + dimb — dim(a* Nb)) =m — ((m— k) +k —ry) = ra.

As aNc=(anbt)Nc we can find the most probable dimension of aN ¢ by applying
Claim 1 to subspaces aN b and ¢ of the linear space . Thus we obtain

dim(aNc¢) = max{0;r, + k — (m — k)} = max{0;r, — (m — 2k)}

with probability at least (1 — C27"). In a similar way we find the most probable
dimension of intersection of subspaces a* and c. We have

dim(a®t Nbt) = dim(a U b)Yt = m — dim(a U b)
=m—(dima+dimb—dim(anNbd)=m—(k+k—r))=m—2k +r,.
Applying Claim 1 to subspaces a* Nb* and ¢ of linear space b~ we see that
dim(at N ¢) = max{0; (m — 2k + 1)+ k — (m — k)} = max{0;r}
with probability at least (1 — C27"). In a similar way we obtain
dim(a Nat Nbt) =m — dim(a Uat Ub)
=m—dim(aUat) —dimb + dim((a U at) N b)
=m—(m—ro)—k+rs=rg—k+r4
Thus
dim(a Nat Nc) =max{0;(ro — k +ry) +k — (m —k)}
=max{0;k +r4 —m—+ro}
with probability at least (1 — C27"). Finally,
dim((aUat)Nbt)=m —dim((a Nat)Ub)
=m —dim(a Nat) — dim b + dim(a Na* N b)
=m—ry—k+rs.
Thus
dim((aUat)Ne) =max{0;(m —rg —k +r)+k—(m—k)} =rs+k—rp

with probability at least (1 — C27"). The claim is proven.
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Fix an arbitrary v € V. Denote by ry dimension of intersection vNov*. Let S; stand
for the set of all u €V such that

dim(v Nu) = r(i),

dim(vt Nu) = r(),

dim(v N ot Nu) = r3(i),

dim((v U vh) Nu) = ra(i),
where r1(0) =4k, r(0)=ry, r3(0)=ry, r4(0)=k, and

r1(i + 1) = max{0; (i) — (m — 2k)},

ra(i+ 1) = ri(0),

r3(i + 1) = max{0; r4(i) — (m — k — ro)},

ra(i + 1) =r3(i) + k — ro.
The above recurrence implies that

r1(i +2) = max{0;r (i) — (m — 2k)},

r2(i +2) = max{0; r,(i) — (m — 2k)},

r3(i + 2) = max{0; r3(i) — (m — 2k)},

ra(i + 2) = max{k — ro; r4(i) — (m — 2k)}.
Hence r1(¢) =r(t) =r3(t) =0, r4(t) =k —ry (recall that t =2[k/(m—2k)]). By Claim 1
the probability for a random x €V to get into S; is at least 1 — C27" for some C
depending only on m.

Let v(i), i<t denote the ith node in a random walk starting from v (and v(0)=7v).
Let G; stand for the event

v(0) € So,v(1) € Si,...,0(i) € Si.

Using Claim 2 it is easy to prove by induction that for any v € V' the probability of
G; is at least 1 — C27" (where C depends on m only).

Claim 3. Let a,b and ¢ be as in Claim 2. The probability of event
dim(aNc) = qi,

dim(at Ne¢) = g,
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dim(a Nat Nc)=gs,

dim((aUat)Ne) = qs,

is a function of k,ro,r1,72,73,74, 41,92, 43, qa (but it does not depend on the choice of
a and b).

(We postpone the proof of the claim to the end of the proof of the theorem.)

Claim 4. The probability Prob[v(i)=u;|G;] is the same for all u; €S; (and hence is
equal to 1/|S:]).

Proof. The proof is by induction on i. For i =0 the statement is trivial. Let i >0 and
u; € S;. We have
Prob[G;_i]

Problv(i) = w|Gi] = Prob[u(i) = ui|Gi—11 5 s

The second factor does not depend on u;, so it remains to prove that neither does the
first factor. Let U;- denote the set of all u € ¥ orthogonal to u;. We have
Problu(i — 1) = u;_1|Gi_1]

M b

Prob[v(i) = u;|Gi—1] = >
U1 €S, 1NU~
where M stands for the number of k-dimensional subspaces orthogonal to a fixed k-
dimensional subspace. By induction hypothesis the numerator of the last fraction is
equal to 1/|S;—1|. Therefore we have

L ISainUH
s MISH] — MISi|

Prob[v(i) = u;|Gi_1] = >

uUi—1€Si—1

The factor |S;_y N U |/M is equal to the probability of the event “a random x € V'
orthogonal to u; belongs to S;—;”. By Claim 3 this probability does not depend on
u; € S;. Claim 4 is now proved.

By Claim 4 for any U CV we have
Probluv(¢) € U|G,] = |U N S;|/|S;]
Therefore,
Prob[v(¢) € U] = Prob[v(t) € U|G,] - Prob[G,] + Prob[v(¢) € U, G,]

< |UNS|/|S;| 4 Prob[G].
The second term is bounded by C2~". Estimate the first term:
uns|_ U] U]

< <— +C27". O
M V|1 —c2= " ||
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Lemma 7. Assume that every node in a t,e-oblivious graph (V,E) has degree d or
less. Then the number of edges in any subgraph U of V is at most a|U|, where

1% 1t

Proof. Define U’ CU as follows. Let us start with U’ =() and iterate the following
step: if there is a node v€ U\U’ that has at most o adjacent nodes in U\U’ then
choose any such node and include it in U’. Otherwise halt. The resulting subgraph
U’ has at most o|U’| edges, as on each step the number of edges that are incident to
some node in U’ increases at most by a. Another useful property of U’ is as follows:
any node v€ U\U’ has at least o + 1 neighbors in the set U\U’. Let us prove that
actually U’ coincides with U. Suppose this is not true. Then choose a node ve U\U'.
We have

Prob[u(t) € U\U'] = <“+ 1) |l

> — .
J |V‘+8

On the other hand,

Prob[u(t) € U\U']<Prob[u(t) € U< ||(Ii|| + .

These two inequalities are inconsistent, this proves that U’ = U. Thus the number of
edges in U is at most o|U|. O

Lemma 8. Let ¢t be an integer number and 0<e<1 a real number. Let G=(V,E)
be a t,e-oblivious graph in which any node has degree d. Let (u,v) be a random edge
in G (that is, K(u,v|G)>=log|E|) and let z be a string. Then at least one of the
following three inequalities holds:

1 1
K G)yz-(log-—-1]),
(z[u, G) [<og8 )
1 1
K(z|v,G)>; (loge — 1) ,

1
K(z|G) < (t 4+ D)max{K(z|u, G), K(z|v,G)} + O (log (log " + log| V|>)
(the constant in O-notation does not depend on t,¢).

Proof. Assume that the first two inequalities are false. Let
k = max{K(z|u, G), K(z|v,G)}, m = K(z|G).

We have ¢ <2 7%~ First estimate m very roughly:

1 1
m = K(z|G)<K(z|u,G) + 2K (u|G) + O(l)<; log " +2log |V| + O(1).
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Thus the complexities of all u, v,z conditional to G are polynomial in log |V|,log % In
what follows we omit additive O(log(log |V'| +log 1)) terms. We have

K(ulz, G) = K(u|G) + K(z|u, G) — K(z|G) < log |V| + k — m.

The same bound is valid for K(v|z, G).

Let U be the set of all x € V such that K(x|z, G) <K(u|z,G), K(v|z, G). Then |U|<
|V|2=™ (up to a factor polynomial in log|V|,log!). By Lemma 7 we obtain the
following upper bound for the number Ey; of edges in U:

Jt
o\
|Ey|<d|U]| ( te) .
V|
As u,v€ U and U (hence Ey) is enumerable given z, G,K(u|z, G),K(v|z, G), we have

log(|V]d/2) = log |E| <K (u,v|G) < log |Ey| + K(z|G)

L\
< logd + log |U| + log <V| +8> +m

< logd + log|V| + (k — m) + (1/1)log(2X =" + &) + m.
Therefore, we have
2—kt <2k—m +e

(up to a factor polynomial in log |V|, log(1/e)). By our assumption ¢ is less than half
of 27%_ Hence

—kt<k—-m=m<(t+ Dk O

The assertion of the theorem is a direct corollary of the proven lemmas.
Thus it remains to prove Claims 1 and 3.

Proof of Claim 1. Let N stand for the number of elements in the field F, (recall that
N=2"). Let u be an i-dimensional subspace of the m-dimensional space over F,. The
number of vectors that do not belong to u is equal to N™ — N'=N"(1 + O(1/N))

(provided i<m). Assume that i + /<<m. The number Seq;* of sequences of vectors
el,...,e; such that the system

(a basis of u)U{ey,...,e;}

is independent is equal to N"/(1+0O(1/N)) (the constant in O-notation depends on /).
Let Sub} stand for the number of /-dimensional subspaces of the m-dimensional
space. We have
Seq®  N"(1+O(1/N))

Sub’ = = N™=DI1 £ O(1/N)).
1= Seql T NP(1 1 O(1/N)) (1+O(/N))
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Let a be a k-dimensional subspace. The number of /-dimensional subspaces b such
that dim (¢ Nb) == is equal to the number of s-dimensional subspaces ¢ of a multiplied
by the number of /-dimensional subspaces b whose intersection with a is equal to a

fixed s-dimensional subspace c:
k
i Seqi’n

* Seq!s

Suby

I—s
Hence the probability that a random /-dimensional subspace b satisfies the equality
dim (aNb)=s is equal to

Subee mif N(k 5)s pym(l—s)
il (14 0(1/N))
Seqf‘_SSub’” T NIU=s) N =Dl

= NUH=m=95(1 4+ O(1/N)).

This probability is exponentially (in n) close to 1 when either s=0 or s=k +/—m

Proof of Claim 3. Assume that
dim(a N b) = ry, dim(at Nb) =ry, dim(aNat Nb) =r3,
dim((aUat)Nb) = ry.
Then
dim(aNbt) =1y,
dim(at NbY)y =m — 2k +r,
dim(a Nat Nbt)=ry—k +r4,
dim((@Uat)Nbry=m—ro—k +rs.

Thus the claim is a particular case of the following general fact.

Let a, 8,y be subspaces of a linear space L over a finite field F such that a U C .
Then the probability for a random k-dimensional subspace ¢ of L of satisfying the
equalities dim(éNa)=gq;, dim(dNp)=qr, dim(OdNaNP)=gqg;, dim(dNy)=gqa,
depends only on £,q1,92,q3,q4, dim o, dim 3, dim(o N ), dim y, dim L, |F|.

(We apply this assertion to a=anbt, f=atNb*, y=(aUat)Nbt, L=b"t))

Proof. Let o, ', be a triple of linear subspaces such that o/ U’ Cy' and dimo' =
dimo, dim g’ =dim g, dim(e’ N p")=dim(azNf), dimy’ =dimy. Then there is an au-
tomorphism ¢ of L such that pa=0o/, =", ¢y=7". Indeed, construct five systems
of vectors Ay, A4>,...,As as follows. The first system, 4, is a basis of o N . The second
system, 4, completes 4; to the basis of a. The third system, A3 completes A; to the
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basis of f5. It is easy to see that 4; U4, UA;5 is a basis of aUf. The fourth system,
A4 completes this union to the basis of y. The fifth system, 45 completes the union
of the four defined systems to the basis of L. In a similar way construct five systems
A}, 4, ..., A5 for of, ;7. The assumptions on dimensions of subspaces guarantee that
A; and A! have the same number of elements. The automorphism ¢ is generated by
one to one correspondence between 4; and 4.

Thus we have

Prob[dim(d N &) = g1, dim(6 N f) = qa,
dim(6 NN f) = g3, dim(d Ny) = g4]
= Prob[dim ¢(d Na) = g1, dim@(d N f) = g2,
dim (6 NaN ) =g, dimp(dNy) = g4l
= Prob[dim(¢@d N ¢a) = g1, dim(@d N @p) = qa,
dim(pd N @oN @) = g3, dim(¢d N @y) = g4]
= Prob[dim(é N o) = g1, dim(d N ') = g2,

dim(dno' NP =g dm@GNY)=q4]. O

6. More about common information

Let us reformulate our informal definition of common information. We say that
strings x and y have u-bit common information z if K(z)<u, K(x|z)<K(x) — u, and
K(y|z)<K(y) —u. (It is easy to see that all three inequalities in fact are equalities in
that case.)

The question whether such z exists is a special case of a more general question: we
may ask for given u, v, w whether there is a string z such that K(z) <u, K(x|z)<v, and
K(y)z) <w. The set of all triples (&, v, w) for which such a z exists could be considered
as “complexity profile” of the pair x, y.

Technically speaking, we should consider sequences of strings instead of individual
strings. Let x =xy,x;,... and y = y1, ¥2,... be two sequences such that |x,| =O(n) and
|va| =O(n). (Only sequences satisfying these conditions will be considered in this
section.) A triple of reals (u,v,w) is called x,y-admissible, if there exists a sequence
Z=121,23,... and a constant ¢ such that

K(zy)<un+ clogn, K(xy|z,)<vn+c logn, K(yu|z,)<wn+ c logn (6)

for all n. A triple of reals (u,v,w) is called x,y-non-admissible, if for any ¢ and
for all sufficiently large n there is no z, satisfying (6) (we consider triples of non-
negative reals only). Note that no triple can be x, y-admissible and x, y-non-admissible
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simultaneously. But it may happen that a triple falls in neither of these two categories
(below we shall give such an example).

The set of all x,y-admissible triples is denoted by M, y- The larger M y 1s, the
more information x and y share. The set of all x, y-non-admissible triples is denoted
by M.

Here is a trivial example: assume that x,, is a random string of length » and y, =x,.
Then

Mi ={wvw)|u+v=l, u+w=1}, M, =[0,00)\M],

If x,,, v, are random independent strings of length n, then M, 'y 1s much smaller:
M:Zv ={(wo,w)|ut+v=l, u+w=l, u+v+w=2},
Mg, =[0,00)* \ M,

If x,, y, are random strings of length » such that x, =y, for even n and x,, y, are
independent for odd » then

M, ={wo,w)|lut+v=1, u+w=l, utv+w=2},
My, ={(wv,w)|u+v <lorut+w<l1}

(so in this example M, , and M, are not complementary). As we shall see, the values
of K(x,), K(y,) and K({x,,y,)) do not determine the sets M., M., completely.
For simplicity we restrict ourselves to one special case: we assume that

K(x,) =2n+ O(logn), K(y,) =2n+ O(logn),
K((xn, yu)) = 3n+ O(logn). (7

Consider the following two sets of triples. The first one, called M , contains all

in®
the triples satisfying at least one of the inequalities
u+v+w <3, u+v<2, ut+w<2 (8)

The second one, called M

in» contains all the triples outside M
one of the inequalities

. satistying at least

ut+v+w=4, u+v=3, ut+w=3. 9)

Theorem 7. (a) For any sequences x,y satisfying (7)

Mt CcMmt M. CM

min = "xp> min = *""xp*

(b) There exist sequences x,y satisfying (7) such that M = [0,00)> \ M. (hence

in
Mx_,y = Mmin )
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(c) There exist sequences x,y satisfying (7) such that M, = [0,00)> \ M.\ (hence
M, =ME).

Proof. (a) Using the inequalities
K((tns yn)) <K(z4) + K(x|20) + K(yulza) + O(log n)
and K(x,)<K(z,)+ K(x,|z,) + O(logn) we see that inequalities (6) and (7) imply
3n 4+ O(logn) < un + vn + wn + O(logn),
2n 4+ O(logn) < un + vn + O(logn),
2n + O(logn) < un + wn 4 O(logn).
Hence if at least one of the inequalities
3<utv+w, 2<u+v, 2<u+w (10)

is not fulfilled the triple (u,v,w) is x,y-non-admissible. Thus, for every x,y the set
M, includes the set M, ; .

Let us prove that M. C M, ,. Without loss of generality assume that |x,|=2n +
O(logn), |y, =2n + O(logn) (otherwise replace x, and y, by minimum length pro-
grams to compute them). Let (u,v,w) be in M . Then the triple (u,v,w) satisfies all
the inequalities (10) and at least one of the inequalities (9). So consider three cases.

(1) u+v+w=4: If v,,w<2 let z be the concatenation of the first 2n — vn bits of x
and the first 2n — wn bits of y (we omit logarithmic terms). Since u + v+ w>=4, we
have |z| =2n — vn + 2n — wn<un. To obtain x given z we need the remaining vn bits
of x and the numbers n, [vn], [wn], so K(x|z)<wvn. Analogously, K(y|z)<wn.

Otherwise, if say v>2, let z consist of the first un bits of y (and z=y if 2 <u). Then
K(y|z)<2n—un<wn (if u<2, and K(y|z) =0<wn otherwise). And K(x|z) <K(x)<
2n<on.

(2) u+v=3: If u<2 let z consist of the first un bits of y. To find x given z it
suffices to know the remaining 2n — un bits of y and the minimum program to compute
x given y (having n bits). So to find x given z it suffices to have 2n — un + n<wn
extra bits. And K(y|z)<2n —un<wn.

Otherwise (if u>2) let z be the concatenation of y and the first un — 2n bits of
minimum length program p to compute x given y (and z=yp if un — 2n>n). To
obtain x given z it suffices to have the remaining n — (un — 2n) <wn bits of p.

(3) u+ w=>=3: Similar to the previous case.

(b) Let x, = pq, v, = pr, where p,q,r are random independent strings of length n.
We have to prove that any triple satisfying the inequalities (10) is x, y-admissible.

If u<1 let z consist of the first un bits of p. To find x [y] given z it suffices to
have the remaining n — un bits of p and the whole string ¢ [r]. So the total number
of bits is n —un +n<vn [n —un + n<wn).
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If u>1 and v>1 let z consist of the first un bits of y. To find x given z it suffices
to have ¢ (n bits). To find y given z it suffices to have the remaining 2n — un bits of
y and 2n — un<wn.

If u>1 and w>1 use the same argument.

If u>1 and v,w<1 let z be the concatenation of p, the first n — vn bits of ¢ and
the first n» — wn bits of ». The length of z is n+n —vn+n — wn<un. To find x [y]
given z it suffices to have the remaining vn [wn] bits of ¢ [r].

The proven fact agrees with our intuition that these x and y have as much common
information as possible (under restriction (7)).

(c) This is the most interesting part of the theorem; the proof uses methods from
[5].

The set [0,00)* \ M."

o, consists M. and of those triples satisfying the inequalities

n

ut+v+w <4, u+v<3 ut+tw<3. (11)

By item (a) we have M ; CM, . Therefore, it suffices to prove that any triple sat-
isfying (11) belongs to M, . Let (u,v,w) satisfy (11). Note that all three inequalities
are strict. Assume that for infinitely many » there is z, for which inequalities (6) are

true. Then for infinitely many #,

K(zy) + K(xp|22) + K(yulza) < 4n, (12)
K(z,) + K(xp|z,) < 3n, (13)
K(Zn)JFK(yn‘Zn) < 3n. (14)

Therefore, it suffices to prove the following lemma.

Lemma 9. There are x,y satisfying (7) such that for all but finitely many n there is
no z, satisfying inequalities (12)—(14).

Proof. Let us fix a natural number n. As usually we will omit the subscript 7 in x,,
Y, €tc.

We choose the pair (x, y) from the set U consisting of pairs of strings of length
2n + 2logn. So |U|=2%n* First remove from U all pairs satisfying at least one of
the following requirements:

o K(x)<2n,

* K(y)<2n,

o K({x,y))<3n,

e there is z satisfying inequalities (12)—(14).

Let us count the number of pairs removed from U to show that U does not become
empty. Indeed, less than 2272%"n? pairs have been removed for the first reason (and
the same amount for the second one), less than 2% for the third reason and less than
(4n)*2*" for the fourth reason (for any k, I,m there are at most 2€2/2" pairs x, y such
that there is z with K(z) =k, K(x|z)=1, K(y|z) =m; and the number of triples k, I,m
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satisfying the inequality k + [/ 4+ m<4n is less than (4n)*). Thus the total number of
removed pairs is less than

2 % 24nn2 +23n + (4n)324n < 24nn4

(for sufficiently large n).

Let (x, y) be the least pair remaining in U (with respect to any fixed well founded
order). Then K(x)=2n+ O(logn), K(y)=2n+ O(logn), K({x, y)) > 3n and there is
no z satisfying inequalities (12)—(14). Thus, to prove the lemma it suffices to show
that K((x, y)) < 3n + O(logn).

Let W, stand for the set consisting of all pairs (a,b) such that K(a)<k and
K(bla)<I. To identify (x,y) it suffices to know #n, the set {x'|K(x')<2n}, the set
{(x, y")IK((x', y"))<3n}, and the sets W ; for all k + /<3n. The elements of these
sets can be enumerated given n. Therefore to get the lists of all these sets it suffices
to know n and the number

m=|{x'|[K&') < 2n}[+ {0 [K(,0) < 3npl+ 30 Wil
k+1<3n
(given n we enumerate all these sets until m elements have been enumerated; if a pair
belongs to several sets we count it separately for each set). As

m < 22n+23n+ Z 2k+l+2 < 23n+1 4 Z (]_|_ 1)2j+2 <(3n)223n+2,
k+1<3n j<3n

we get

K({x,y))<logm + O(log n) <3n + O(log n). O

The proof of Theorem 7(c) is non-constructive, it gives no “example” of the pair
(x,y) with M,:J:[O,oo)3 \ M. . An example would be a computable sequence of
finite non-empty sets 4, of low complexity (say O(logn)) such that any random pair
(x4, yu) in A, satisfies Theorem 7(c). Such an example was recently constructed by
An. A. Muchnik (unpublished).

In Section 4 we presented several examples of sequences x,y whose common infor-
mation is less than mutual information. It would be interesting to find the complexity
profile for these examples. Unfortunately, we know only few things. We present here
known facts about random orthogonal lines in three-dimensional space. In the rest of
the paper let x,y be sequences mentioned in Theorem 4. Using Lemma 5 we obtain
the following lower bound for M.

Theorem 8. The set M., contains any triple (u,v,w) such that u+v/2+max{w,uv/2}
<3 or u+ w/2+ max{v,w/2} <3.

Note that there are such triples outside M _.

min

(for instance, the triple (1.1,1.1,1.1)).

Proof. Assume that u + w/2 + max{w/2,v} <3 (the other case is entirely similar).
Assume that for some ¢ for infinitely many » there is z, such that (6) holds. Fix any
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such n (in the sequel we omit subscript n in X, y,,z,). We use Lemma 5 for the same
bipartite graph as in Theorem 4: left nodes are lines having complexity at most K(x|z)
conditional to z, right nodes are lines having complexity at most K(y|z) conditional to
z, and edges connect orthogonal lines. By Lemma 5 we have

|E| <2V max{V/1,k}.
Therefore (we omit logarithmic terms)
3n < K((x, y))<log |E| + K(z)<(1/2)log [ + log max{V1,k} + K(z)
< wn/2 + max{w/2,v}n + un.

As this is true for infinitely many n (up to O(logn) term) we get 3<u + w/2 +
max{w/2,v}, a contradiction. [J

A natural question is whether the inclusion M. C M. . y 1s also strict. The answer to
this question may depend on the choice of the field F,. Note that all proven theorems
on x,y are true for any choice of F,. However, it turns out that if the field F, has
size p?, where p is an integer then the set M/ y contains the triple (1.5,1,1) that is
outside M. . But we do not know whether this is true for other fields. Recall that
we gave similar examples for x,y from Theorem 5. To obtain such examples we used
arguments from linear algebra. Such arguments can provide only triples (u, v, w) whose
coeflicients are dimensions of certain linear spaces. But the first component of the triple
(L.5,1,1) is not an integer so now we cannot use linear-algebraic arguments directly.
To overcome this difficulty we “double” the dimension by regarding three-dimensional
linear space over F, as a six-dimensional linear space over the subfield G, of F, of

size p. Now 1.5 may be obtained as dimension 3 of a space over G,.

Theorem 9. Assume that all fields F, are of size p> where p, are integers. Then
My, contains the triple (1.5,1,1).

Note that together with previous theorem this implies that in the case |F,|= p? the
triple (1.5,1,1) is on the border line between M, , and M;y.

Proof. We shall use the following representation of the example x, y of Theorem 4:
x=(a,b), y=(c,ac + b) where (a,b,c) is a random triple of elements of F,. The
pair x =(a,b) will be called a line and y =(c,ac + b) a point (on that line). (See the
remark after Theorem 4.)

What do we gain assuming that |F,|= p2 (for all n)? In this case the field F =F,
has a subfield of p= p, elements, denoted by G. Let o € F' be a primitive element of
F over G. Thus any element in F can be represented in the form /4 + so for some
h,s€QqG.

We construct a family of p® disjoint p*-element sets of pairs (a line, a point on
that line), whose union covers the set S of all p® such pairs. Each set will involve
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p? different points and p? different lines, each of those p? points will belong to p of
those p? lines, and conversely each of those p? lines will have p of those p? points.
To construct such family represent each pair (x, y) €S in the form

x=(f+rah+sa), y=(g+1ofg+h+(ft+gr—+s)a+ ro?),

where f,g,h,r,t,s €G. Fixing r,t,s we obtain a set S, of p’ pairs from S having
p?* lines. Unfortunately S, has about p points. Let us try to reduce the number of
points in each S,,: the substitution s— s — ft changes the above representation of a
pair (x,y) €S to

x=(f+roh+(— fOo), y=(g+tofg+h+(gr+s)+rta?).

Now, any line in S, is identified by pair (f,4) thus there are p? different lines in
S,.s; any point in S, is identified by pair (g, fg + k) thus there are p? different points
in Sy.

Let us finish the proof. We take as z the set from our family which contains the pair
(x, ). As the number of sets is p*> we have K(z)<3log p+O(logn)=1.5n+0(logn).
As each set has p? different lines and p? different points, we have K (x|z),K(y|z) <2 log
p+O(logn)=n+ O(logn). O
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